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We studied pairing mechanism of the heavily electron doped FeSe (HEDIS) systems, which commonly have
one incipient hole band – a band top below the Fermi level by a finite energy distance εb – at Γ point and
ordinary electron bands at M points in Brillouin zone (BZ). We found that the system allows two degenerate
superconducting solutions with the exactly same Tc in clean limit: the incipient s±he-gap (∆
−
h 6= 0, ∆+e 6= 0)
and s++ee -gap (∆h = 0, ∆+e 6= 0) solutions with different pairing cutoffs, Λs f (spin fluctuation energy) and εb,
respectively. The s++ee -gap solution, in which the system dynamically renormalizes the original pairing cutoff
Λs f to Λphys = εb (< Λs f ), therefore actively eliminates the incipient hole band from forming Cooper pairs,
but without loss of Tc, becomes immune to the impurity pair-breaking. As a result, the HEDIS systems, by
dynamically tuning the pairing cutoff and therefore selecting the s++ee -pairing state, can always achieve the
maximum Tc – the Tc of the degenerate s±he solution in the ideal clean limit – latent in the original pairing
interactions, even in dirty limit.
PACS numbers: 74.20.-z,74.20.Rp,74.70.Xa
I. INTRODUCTION.
The discovery of the FeSe/SrTiO3 monolayer system (Tc ≈
60− 100K) [1–3] and other heavily electron-doped iron se-
lenide (HEDIS) compounds such as AxFe2−ySe2 (A=K, Rb,
Cs, Tl, etc.) (Tc ≈ 30−40K)[4–6], (Li1−xFexOH)FeSe (Tc ≈
40K) [7], and pressurized bulk FeSe (Tc ≈ 37K) [8] are pos-
ing a serious challenge to our understanding of the Iron-based
superconductors (IBS). The main puzzles are two:
(1) why is Tc so high, up 100K ?
(2) what is the pairing mechanism and pairing solution with
only electron pockets at M point?
Among the HEDIS systems, we think, FeSe/SrTiO3 mono-
layer system[1–3] has one extra mechanism, which is the
long-sought small-angle scattering phonon boost effect[9,
10]. Lee et al.[11] have measured the presence of the fer-
roelectric polar phonon in the SrTiO3(STO) substrate and
its strong coupling with the conduction band of the FeSe
monolayer. Subsequently, theoretical works[12–15] have
elaborated this phonon boost effect specifically to the FeSe-
monolayer system. This phonon boost effect is theoretically
trivial to understand. When there exist a large momentum ex-
change repulsive interaction VQ – provided by antiferromag-
netic(AFM) spin fluctuations – and a small momentum ex-
change attractive phonon interaction Vph, two pairing poten-
tials do not interfere each other living in the different sectors
of momentum space but work together to boost Tc of the s±-
or d-wave gap solutions as following way[9, 10]:
Tc ' 1.14 Λλ˜s fs f ·Λ
λ˜ph
ph e
−1/λtot (1)
where λ˜s f = λs f /λtot , λ˜ph = λph/λtot , and λtot = (λs f +λph).
λs f ,ph andΛs f ,ph are the dimensionless coupling constants and
the characteristic energy scales of the spin fluctuations and
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FIG. 1: (Color online) Schematic Feynman diagram of the phonon
boost effect. A small momenta ~q exchanging phonon attractive in-
teraction λph and the large momenta ~Q exchanging AFM repulsive
interaction λAFM , living in different momentum space, do not in-
terfere but cooperate to enhance the total pairing interaction λtot =
λAFM+λph for the s±- and d-wave pairing channels.
phonon, respectively. The Eq.(1) shows that the phonon cou-
pling λph – even if weak strength – entering into the exponent
of the exponential as λtot = (λs f +λph), its boosting effect of
Tc can be far more efficient than a simple algebraic addition.
Apart from this phonon boost effect, which exists – or par-
ticularly strong – only in the FeSe/STO monolayer system,
theoretically more challenging question of the HEDIS super-
conductors is: even without the phonon boosting effect, how
these systems can achieve such high Tc of 30-40K only with
the electron pockets. To clarify this question, we would like
to understand the following more specific questions:
(1) without the hole pocket at Γ point, what is the pairing
mechanism and the pairing state ?
(2) does the incipient (sunken) hole band have any specific
role or mechanism for such high Tc ?
(3) why do all HEDIS compounds seem to have the optimal
incipiency distance εoptimalb of 60-80 meV for the maximum Tc
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In this paper, we provide a noble mechanism as an uni-
fied answer to all these questions, that is dynamical tuning
of the pairing cutoff energy. We studied a simple model
for the HEDIS systems which consists of one incipient hole
band and ordinary electron band(s) with a dominant repul-
sive interband interaction Vinter between them. The original
pairing interaction cutoff energy Λs f is assumed to be larger
than the incipient energy εb (< Λs f ). This model system has
been recently studied, and was shown to have the s±he-gap
solution[16, 17]. This gap solution forms non-zero gaps both
on the incipient hole band and electron band (∆h 6= 0, ∆e 6= 0),
hence it is specifically named as ”incipient” s±he-gap solution.
In this paper, we showed that this incipient band model al-
lows another degenerate pairing solution with the same Tc
as the incipient s±he-gap solution, but only with the electron
bands (∆h = 0, ∆e 6= 0), hence named as s++ee -gap solution.
For this pairing solution, the incipient hole band is dynami-
cally eliminated by the renormalization process, and the bare
pairing interactions V 0ab(Λs f ) > 0(a,b = h,e) get renormal-
ized and in particular the bare repulsive intraband interaction
(V 0ee(Λs f )> 0) for the electron band evolves into an attractive
interaction (V renee (Λ = εb) < 0) with a reduced pairing cutoff
energy Λ= εb, with which the system can form a s-wave pair-
ing with the electron bands only, namely, the s++ee -gap.
The idea of the s-wave pairing state (s++ee ) in the electron
bands only was also proposed in the previous works[18, 19]
using the functional renormalization group (FRG) technique.
Although the FRG approach correctly captured the leading in-
stability of the s++ee -pairing state, this method could not dis-
tinguish the s++ee -state and the incipient-s
±
he-state, nor did it
clarify the subtle relation between these two pairing states.
The FRG techniques traces the RG flow of the leading pairing
form factor φα(k) by reducing the scaling energy Λ until its
eigenvalue diverges. However, the form factor φα(k), being a
lattice harmonics in theC4 symmetric lattice, is the same both
for the incipient s±he-state and the s
++
ee -state. Therefore when
the eigenvalue of this form factor diverges at Λ∗, the FRG re-
sult just indicates Tc ∼ Λ∗ in the pairing channel φα, so that
it cannot determine which of two pairing states –the incipient
s±he-state and the s
++
ee -state – is the real ground state because
the FRG technique itself does not determine the physical pair-
ing cutoff Λphys.
Our important finding is that in the clean limit of the gen-
uine incipient band model these two pairing states – the incip-
ient s±he-state (∆h 6= 0, ∆e 6= 0) and s++ee -state (∆h = 0, ∆e 6= 0)
– are degenerate two physical solutions with the exact same Tc
but with different physical pairing cutoff energies,Λphys=Λs f
and Λphys = εb, respectively. These two states are both phys-
ical and distinct states. On the one hand, our finding is in
accord with the important principle of the physical invariance
of the renormalization group (RG) transformation[20]. But
on the other hand, our finding reveals a new potential of the
RG transformation: the RG transformation can go beyond a
mathematical technique to conveniently study the low energy
physics[21] and the system can actively utilize its own RG
flow to determine the physical cutoff energy scale Λphys and
optimize its best ground state. This active mechanism of RG
is not new but already known with the renormalization of the
Coulomb pseudopotential[22]. The degeneracy of these two
pairing solutions of the HEDIS system becomes broken by
impurities and the system choose the s++ee -gap solution and
extracts the maximum Tc, potentially stored in the system by
avoiding the impurity pair-breaking.
In section II, we illustrated the concept of this dynami-
cal tuning of the cutoff energy scale with the well known
example of the Coulomb pseudopotential and the phonon-
mediated BCS superconductor[22]. We then showed that even
the phonon-mediated BCS superconductor with a phonon en-
ergy ωD needs not to have the physical cutoff Λphys to be ωD,
as commonly believed, but can take arbitrary scale Λ without
affecting Tc, ∆sc, and the condensation energy, within the RG
scheme. And higher order correction is necessary to deter-
mine the physical cutoff as Λphys = ωD.
In section III, equipped with this new concept of dynam-
ical tuning of cutoff energy by RG, we studied the incipient
band model with one incipient hole band with εb and electron
band(s) mediated by dominant interband repulsive potential
Vinter−band >Vintra−band with original pairing cutoff Λs f > εb.
In subsection III.A, first we studied the minimal two band
model and demonstrated that the Tc is invariant with scaling
Λ < Λs f . Therefore when the scaling energy Λ crossovers
from above to below εb, the pairing solution continuously
changes from the incipient s±he-state to the s
++
ee -state keeping
the same symmetry and same Tc. In section III.B, we showed
that the non-magnetic impurity scattering severely weakens
the incipient s±he-state, but would not affect the Tc of the s
++
ee -
state with the physical cutoff Λphys = εb.
We propose that this is the key mechanism why the HEDIS
systems can achieve reasonably high Tc of 30-40K with the
sunken (incipient) hole band. They can avoid the impurity
pair-breaking by dynamical tuning the pairing cutoff energy
to εb. The standard IBS systems with both hole and elec-
tron bands crossing the Fermi level cannot have the choice of
the s++ee -solution but only the s
±
he-solution, therefore the stan-
dard IBS systems would suffer severe reduction of Tc from
the inevitable impurities introduced by dopings. Otherwise
all standard IBS systems could have achieved much higher
Tc. On the other hand, the s++ee -solution with the sunken
hole band has a different drawback; i.e. increasing the in-
cipient distance εb weakens the pair susceptibility, hence re-
duces Tc. Therefore, we could expect that the maximum
Tc of the s++ee -solution should occur with εb → 0, but it is
not the case in experiments. We found that there exists a
mechanism to determine an optimal value of εoptimalb . The
above mentioned RG scaling breaks down when εb becomes
too small because the pair susceptibility for the s++ee -state,
χ(εb) =−2Tc∑n
∫ εb
0 dε
1
ω2n+ε2(k)
, (ωn = piTc(2n+1)), becomes
saturated as εb → Tc, which sets the stable minimum cutoff
energy scale Λphys = εb ≈ Tc. In real system, the optimal
Λphys should increase further by other broadening processes
as Λphys = ε
optimal
b ≈ (piTc+Γimp+Γinela) (where Γimp is the
impurity scattering rate and Γinelas is the inelastic scattering
rate). This is the reason why optimal incipient energy εoptimalb
is about 60-80 meV in all HEDIS systems.
3In section III.C and D, we studied a more realistic three
band model with one incipient hole band and two electron
bands e1 and e2. With this model, we could consider another
possible pairing solution: the s+−e1e2-state, also called, ”node-
less” d-wave state, in which ∆e1 =−∆e2[23–25]. We showed
in general that the s+−e1e2-state is favored when the incipient
hole band is deep (larger εb) but the s++e1e2-state becomes win-
ning when the incipient hole band becomes intermediate to
shallow (optimal εb). With non-magnetic impurity scatter-
ing, we showed that the s+−e1e2-state (nodeless d-wave) is most
rapidly destroyed, but the s++e1e2-state is immune to it and can
survive with high Tc in the region of optimal values of εoptimalb .
On the other hand, the ”incipient” s−++he1e2-state – which had the
same Tc as the s++e1e2-state in clean limit – can survive with
much reduced Tc in the region of small values of εb if the im-
purity scattering is not strong enough to completely kill this
pairing state. This double-dome structure of the phase dia-
gram (see Fig.10(B)) is quite similar with recent experiments
of electron doped FeSe systems[26–30].
II. RENORMALIZATION OF PAIRING INTERACTIONS
The bare Coulomb repulsion µ0, operating up to the plasma
frequency ωpl , is renormalized to become pseudopotential
µ∗, operating up to the phonon frequency ωD(< ωpl), as
follows[22],
µ∗(ωD) = µ0+µ0 ·χ(ωpl ;ωD) ·µ∗. (2)
Using Cooperon propagator χ(ωpl ;ωD) =
−2T ∑nN0
∫ ωpl
ωD dε
1
ω2n+ε2(k)
≈ −N0 ln[ωplωD ], we obtain the
well known result,
µ∗(ωD) =
µ0
1+µ0N0 ln[
ωpl
ωD ]
, (3)
where N0 is the density of states (DOS) at Fermi level. Since
ωpl  ωD, the strong repulsive Coulomb potential µ becomes
much weakened Coulomb pseudo-potential µ∗  µ. There-
fore the total BCS pair potential Vpair(ωD) = [Vph+µ∗](< 0)
can now be attractive with the common pairing cutoff en-
ergy Λphys = ωD. This is the well known mechanism of how
weak phonon attraction Vph(< 0) can overcome the stronger
Coulomb repulsion µ0(> 0) by retardation (ωD  ωpl). But
the important message for us is that the physical pairing cut-
off is not necessarily fixed by the boson energy scale of the
corresponding interaction (in this example, ωpl).
A standard theory of the renormalization of the pairing in-
teractions stops here. But now we would like to perform a
thought-experiment, namely, we continue to scale down the
effective cutoff energy Λ below ωD to see what happens. It is
straightforward to continue the RG scaling as
Vpair(Λ) =
Vpair(ωD)
1+Vpair(ωD)N0 ln[ωDΛ ]
. (4)
For an attractive interaction (Vpair < 0), Eq.(4) indicates that
the strength of |Vpair(Λ)| increases as the cutoff energy Λ de-
creases (Λ<ωD). But it is straightforward to show that the Tc
is invariant with RG flow as Tc = 1.14ωDe−1/N0|Vpair(ωD)| =
1.14Λe−1/N0|Vpair(Λ)|. Furthermore, as far as the BCS limit
(∆sc/Λ 1) holds, the superconducting (SC) gap size ∆sc is
invariant as ∆sc(ωD) = ∆sc(Λ) and the total condensation en-
ergy ∆E = 12N0∆sc(Λ) is also invariant with respect to the RG
scaling. Therefore all physical quantities are not affected by
this level of RG scaling.
Therefore, at this level, the system has no reason to choose
ωD, the Debye frequency, as a physical pairing cutoff en-
ergy and higher order corrections in O(∆sc/Λ) are neces-
sary to determine the true physical cutoff energy Λphys. Ex-
act calculations of all higher order corrections are difficult
but a simple hint comes from the total condensation en-
ergy expression, more precise form of which is given as
∆E =−N0Λ
√
Λ2+∆2sc+N0Λ2≈− 12N0∆2sc+ 18N0∆2sc(∆scΛ )2+
. . .[31]. The second term is the next order correction to the
BCS approximation ∆EBCS =− 12N0∆2sc and tells us that more
condensation energy is gained with larger cutoff energy Λ
when the gap size ∆sc is the same. Therefore, among the de-
generate Tc(Λ) solutions, the system would choose the largest
cutoff solution that is Λphys = ωD in this particular case.
With the above exercises we would like to propose the key
concept of this paper, i.e., the physical pairing cutoff energy
Λphys of the SC transition is not automatically determined by
the physical boson energy scales of the pairing interactions
such as ωpl , ωD, or ωs f . But it can be dynamically tuned by
the system to maximize the Tc and the condensation energy.
III. INCIPIENT BAND MODEL
In this section, we would like to apply the concept of ”dy-
namical tuning of cutoff energy” discussed in the previous
section to the incipient band model for the HEDIS systems.
At the moment, the most accepted theory of the superconduc-
tivity for the Fe-pnictide superconductors is the sign-changing
s-wave pairing state (s±he) between hole band(s) around Γ and
electron band(s) around M points in BZ, mediated by the an-
tiferromagnetic (AFM) fluctuations with the wave vector Q
connecting Γ and M points (C-type)[32, 33]. However, the
HEDIS systems commonly have only electron pockets(s) at
M points and the hole pocket is missing at Γ point, which
exists only as an incipient hole-band (see Fig.2). However,
even without the hole pocket, experimental evidences are that
the AFM spin correlation is dominantly the C-type with the
characteristic wave vector ~Q connecting the incipient hole
band and the electron band[34]. Therefore, it is a natural
attempt to extend the standard paradigm of the s±he pairing
mechanism to the HEDIS systems: a dominant pairing in-
teraction, Vhe > 0, between the incipient hole band and elec-
tron band(s). There is possibly some fraction of deviation
from C-type AFM correlation toward G-type AFM correla-
tion with the wave vector Q′ connecting two electron bands
at Qx = (pi,0) and Qy = (0,pi)[35–37]. Phenomenologically,
we will consider this deviation by introducing another weaker
repulsive interaction between two electron bands Ve1e2 > 0.
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FIG. 2: (Color online) Schematic pictures of three possible SC gap
solutions of the incipient band model. In all three cases, the incipient
(sunken) hole band is depicted as a dotted line circle around Γ point.
(a) incipient s−+he -gap solution. (b) s
++
e1e2-gap solution with no Cooper
pairs formed on the incipient hole band. (c) s+−e1e2-gap solution with
no Cooper pairs formed on the incipient hole band, also called as
”nodeless d-wave”.
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FIG. 3: (Color online) (A) A typical incipient band model withΛs f >
εb. (B) The same model but with the pairing cutoff scaled down as
Λ < Λs f . For each value of Λ, Hren(Λ) is defined and the best SC
gap solutions are calculated as: incipient s−+he -gap for εb < Λ< Λs f ,
and s++ee -gap for Λ< εb, with the same Tc for all Λ.
A. Incipient Two Band Model
In order to illustrate the essence of the dynamical tuning
mechanism and RG scaling of the cutoff energy, we first study
a minimal two band model with one incipient hole band and
one electron band as depicted in Fig.3(a). Here we ignore
the interaction between electron bands e1 and e2, therefore
two electron bands, e1 and e2, can be considered as identical
one e-band as far as the SC pairing mechanism is concerned.
As a result, among the three possible pairing states depicted
in Fig.2, only s−+he -gap (Fig.2(a)) and s
++
ee -gap (Fig.2(b)) are
possible with the two band model. This simplification is only
for the proof of concept and we will consider the full three
band model later.
In this paper, we assume the incipient energy εb to be
smaller than the spin-fluctuation pairing interaction cutoff Λs f
as illustrated in Fig.3. This incipient band model[16] and its
extended models[17] were recently studied as a possible can-
didate model for the HEDIS SC systems but only the incip-
ient s−+he -type solution (Fig.2(a)) was investigated. Here we
will consider the incipient s−+he -gap solution and s
++
ee -gap so-
lution (Fig.2(b)) on an equal footing in the two band model.
The s+−e1e2-gap solution (Fig.2(c)) will be considered with three
band model later.
The coupled gap equations are the same as the ordinary two
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FIG. 4: (Color online) Schematic diagram of the renormalization
process. The lefthand side (hatched box vertex) is the renormalized
pairing potential Vˆab(Λ) defined at low energies (< Λ) and the first
term of the righthand side (the wiggly line vertex) is the bare pairing
potential Vˆ 0ab. The momenta ±k,±k
′
belong to the low energy re-
gion |ξ(±k)|, |ξ(±k′)| ∈ [0 : Λ]. The momenta ±q belong to the high
energy region |ξ(±q)|| ∈ [Λ : Λs f ].
band SC model as follows.
∆h =
[
Vhhχh
]
∆h+
[
Vheχe
]
∆e, (5)
∆e =
[
Veeχe
]
∆e+
[
Vehχh
]
∆h
where the pair susceptibilities are defined as
χh(T ) = −Nh2
∫ −εb
−Λs f
dξ
ξ
tanh(
ξ
2T
)≈−Nh
2
ln
[1.14Λs f
εb
]
,(6)
χe(T ) = −Ne
∫ Λs f
−Λs f
dξ
ξ
tanh(
ξ
2T
)≈−Ne ln
[1.14Λs f
T
]
where Nh,e are the density of states (DOS) of the hole band
and electron band, respectively. Assuming all repulsive pair
potentialsVab, but withVinter−band(=Vhe,Veh)>Vintra−band(=
Vhh,Vee), the coupled gap equations Eq.(5) with the suscepti-
bilities Eq.(6) produce the incipient s+−he -gap solution with the
OPs ∆h and ∆e with opposite signs[16, 17]. Tc decreases with
increasing εb; however the relative size of |∆h|/|∆e| is insen-
sitive to the value of εb and the gap size of the incipient hole
band |∆h| is comparable to the size of |∆e|.
This model is already a low energy effective model in
which all the high energy interaction processes originating
from U (Hubbard on-site interaction), J (Hund coupling), etc
are renormalized down to Λs f to produce the effective pair
potentials V 0ab(Λs f ) with cutoff energy Λs f . In particular, the
characteristic AFM spin fluctuation energy scale Λs f is an ex-
perimentally measurable – by neutron experiments – physical
excitations just like a phonon energy ωD in the BCS theory.
In a standard theory of superconductivity, the renormalization
stops here and remained is to solve the gap equation(s) (e.g.
Eq.(5)) by a mean field method (BCS theory) or by its dynam-
ical extension (Eliashberg theory).
In this paper, we continue the RG scaling down to arbitrary
low energy scale Λ< Λs f and define the renormalized model
Hren(Λ), as depicted in Fig.3(b). The renormalized pair po-
tential Vab(Λ) is defined by a standard RG process as follows
(see Fig.4),
Vˆ (Λ) = Vˆ 0+Vˆ 0 · χˆ(Λs f ;Λ) ·Vˆ (Λ) (7)
and the formal solution is defined by
Vˆ (Λ) = [1−Vˆ 0 · χˆ(Λs f ;Λ)]−1 ·Vˆ 0, (8)
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FIG. 5: (Color online) Numerical results of the RG scaling of a typi-
cal incipient two band model of Fig.(3) with εb = 0.5Λs f . (A) Renor-
malized pair potentials NabVˆab(Λ) vs Λ (with Nab =
√
NaNb) with
bare potentials: NhV 0hh =NeV
0
ee = 0.5 and
√
NhNeV 0he =
√
NhNeV 0eh =
2.0 (B) Calculated Tc with Vˆab(Λ) and the corresponding pairing so-
lutions. The pairing gap solution changes when Λ crosses εb, but Tc
remains the same all the time with scaling.
where Vˆ (Λ) is the renormalized 2x2 matrix pair potential with
the new cutoff energy Λ, and Vˆ 0 is the bare pair potential with
the cutoff energy Λs f defined as
Vˆ 0 =
(
V 0hh V
0
he
V 0eh V
0
ee
)
. (9)
Accordingly, the Cooper susceptibility χˆ is also 2x2 matrix
defined as
χˆ(Λs f ;Λ) =
(
χh 0
0 χe
)
(10)
with χe(Λs f ;Λ) = −Tc∑n 2Ne
∫ Λs f
Λ dξ
1
ω2n+ξ2(k)
and
χh(Λs f ;Λ) = −Tc∑nNh
∫ −Λ
−Λs f dξ
1
ω2n+ξ2(k)
. Notice that
the factor 2 is missing in χh since the hole band exists only
below the Fermi level. Also χh(Λs f ;Λ) is defined only up to
Λ→ εb, meaning that when the scaling cutoff Λ runs below
εb as Λ< εb, only the electron band will contribute to the RG
flow.
In Fig.5(a), we show the results of the renormalized Vˆab(Λ)
for the whole range of Λ<Λs f . In this representative case, we
chose εb = 0.5Λs f and the bare potentials: NhV 0hh = NeV
0
ee =
0.5 and
√
NhNeV 0he =
√
NhNeV 0eh = 2.0. For εb < Λ< Λs f , all
four components of Vˆab(Λ) get renormalized. The key fea-
tures are: (1) the repulsive interband pair potentials Vhe,eh(Λ)
slightly decrease at the beginning but eventually become more
repulsive; this is very different behavior compared to the stan-
dard single band repulsive potential under RG such as the
Coulomb potential. (2) the weaker repulsive intraband pair
potentials Vhh,ee(Λ) turn quickly into attractive ones; the dif-
ferent flow tracks ofVhh(Λ) andVee(Λ), despite the same start-
ing bare potential NhV 0hh=NeV
0
ee= 0.5, is due to the difference
of χh and χe. For Λ < εb, only Vee(Λ) continues to scale and
other pair potentials stop scaling because χh stops scaling at
Λ= εb.
In Fig.5(b), we showed the calculated Tc of the renormal-
ized model Hren(Λ) for all values of Λ < Λs f depicted in
Fig.3(b). Namely, we solved the gap equations Eq.(5) in the
limit of ∆h,e→ 0 with the renormalized pair potentials Vab(Λ)
and the reduced cutoff Λ. For εb < Λ < Λs f , the pairing
gap solution is the incipient s−+he -solution, forming SC OPs
both on the hole- (∆−) and electron band (∆+) (see Fig.2(a)).
When Λ < εb, the hole band is outside the pairing cutoff Λ,
hence cannot participate forming Cooper pairs. Therefore the
gap solution consists of the electron band only with attractive
Vee(Λ), i.e. s++ee -solution (see Fig.2(b)).
Figure 5(b) shows that the Tc(Λ) remain the same all the
time with the scaling for Λ < Λs f . This is a consistent result
with the invariance principle of RG[20] but still surprising to
be confirmed with the multiband SC model with a compli-
cated pair potential Vˆab, in particular, despite the change of
the pairing solutions from s−+he to s
++
ee [21]. We would like to
emphasize that, in order to achieve this Tc invariance with RG
transformation, it is crucially important to calculate the Tc-
equation Eq.(5) together with the renormalized pair potentials
Vˆab(Λ;T = Tc) Eq.(8) at same temperature, which needs self-
consistent iterative calculations of two equations, because the
RG flow itself depends on temperature.
In fact, this electron band only pairing state, s++ee , has been
suggested by previous works[18, 19] of FRG studies, ap-
plied to the tight binding model with local interactions U ,
U
′
, and JH , designed for the FeSe systems. The FRG tech-
nique traces the RG flow of the effective pairing channels
Vα(Λ)φ∗α(k)φα(k′) and identifies the most diverging channel
”α” as the winning instability of the system as the RG scale
Λ runs to arbitrarily low energy. However, because the s++ee -
channel and the s−+he -channel are symmetry-wise identical and
have the same form factor φα(k) ∼ (coskx+ cosky) (in two
Fe/cell BZ), these two channels are running on the same track
of the FRG flow. Therefore, identifying the most diverging
form factor φα(k) itself does not distinguish which of these
two pairing states is a true ground state. What distinguishes
these two pairing states is neither ”channel” nor ”symmetry”
(they are always the same), but the physical pairing cutoff
Λphys, however the FRG scheme itself does not determine the
physical pairing cutoff Λphys.
This is exactly the point we are addressing in this paper:
6how to determine the physical pairing cutoff Λphys. A com-
mon sense would be to identify as Λphys = Λs f (the spin-
fluctuation energy scale). And when Λs f > εb (Fig.3(a)),
the pairing solution should be the ”incipient” s−+he -state form-
ing gaps on the sunken hole band as well as on the electron
bands[16, 17]. And only if Λs f < εb and V 0ee(Λs f ) < 0, the
pairing solution can be the s++ee -state, forming gaps only on
the electron bands. However, we have shown in Fig.5(b) that
even when Λs f > εb, there is no reason to fix the physical pair-
ing cutoff as Λphys = Λs f because the whole range of Λ< Λs f
produces the pairing states with the same Tc and same sym-
metry but with different pairing cutoffs.
In the previous section, we have argued that among the de-
generate pairing solutions with different pairing cutoffs Λ, the
physical ground state should be chosen as the one with the
largest Λ because the condensation energy (CE) gain is larger
with a larger cutoff energy Λ when considering the higher
order corrections ∼ O(Tc/Λ,∆h,e/Λ) to the CE. Therefore,
among the continuously degenerate solutions of the s±he(Λ)-
state for εb < Λ < Λs f , the system should choose the incipi-
ent s±he(Λs f ) state with cutoff energy, Λphys = Λs f , as a physi-
cal ground state. By the same reasoning, among the degener-
ate solutions of the s++ee (Λ)-state for Λ < εb, the system will
choose the s++ee state with Λphys = εb as a physical ground
state. These two physical ground states are marked as black
star symbols in Fig.5(b) and specifically illustrated in Fig.6.
Therefore, our work provides the rationale for justifying the
electron band only pairing state, s++ee , with the physical cutoff
Λphys = εb even when the original pairing cutoff is Λs f that is
larger than εb.
B. Incipient s±he-state, s
++
ee -states, and impurity scattering
Now we compare two physical ground state solutions of a
given incipient two band model with Λs f > εb: the incipient
s±he-state with Λphys = Λs f and the s
++
ee -state with Λphys = εb
(see Fig.6). We numerically calculate the Tc of these two
gap solutions with varying εb for 0 < εb < Λs f . For all
these calculations, it is important to calculate the Cooper sus-
ceptibilities without approximation because the cutoff energy
Λphys = εb of the s++ee -state can be very low to violate the
BCS limit ( TcΛphys  1). Therefore, we numerically calculate
χe(Λ;0) = −2T ∑nNe
∫ Λ
0 dξ
1
ω2n+ξ2(k)
, which can be very dif-
ferent from the BCS approximation χe(Λ;0) ∼ −Ne ln 1.14ΛT
when Λ < T . We chose the same interaction parameters,
NhV 0hh = NeV
0
ee = 0.5 and
√
NhNeV 0he =
√
NhNeV 0eh = 2.0 as in
the case of Fig.5.
Figure.7 shows that the Tcs of the incipient s±he-state with
Λphys = Λs f (black stars) and the Tcs of the s++ee -state with
Λphys = εb (red solid circles) are exactly overlayed on top of
each other, in clean limit (Γ = 0), as explained before. Tc de-
creases with increasing εb as the hole band sinks deeper below
Fermi level. One important new feature is that while the Tc of
the incipient s±he-state continuously increases as εb→ 0, the Tc
of the s++ee -state becomes ill-defined when εb→ 0. This is be-
cause the Cooper susceptibility χe(Λ = εb;T ) gets saturated
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FIG. 6: (Color online) (A) A typical incipient two band model with
Vˆ 0ab(Λs f ) and the pairing cutoff Λphys = Λs f ; the pairing solution is
the incipient s±he. (B) The same model with the renormalized pair-
ing potentials Vˆab(εb) and the reduced cutoff Λphys = εb; the pairing
solution is s++ee . The Tc of both states are the same.
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FIG. 7: (Color online) Calculated Tcs as a function of εb for the
two pairing states in Fig.6: the s++ee -state and the incipient s
±
he-state
with impurity pair-breaking rate Γ/Λs f = 0,0.1,0.2,0.3,0.4 and 0.5,
respectively. The Tcs of s±he-state are systematically suppressed with
increasing Γ, but Tcs of s++ee -state (red solid circles) do not change
with impurities. Pairing potentials are the same as in Fig.5: NhV 0hh =
NeV 0ee = 0.5 and
√
NhNeV 0he =
√
NhNeV 0eh = 2.0
and loses its logarithmic divergence as εb ∼ O(Tc); in fact
χe(Λ= εb;T ) decreases, instead of increasing, with lowering
temperature when εb ∼ O(Tc) so that the Tc-equation fails to
find a solution. This behavior provides an important clue why
there exists a minimum incipient distance energy εb(= Λmim)
below which the s++ee -pairing state is not stabilized regardless
of the strength of the pair potentials Vˆab(Λ). In clean limit,
this minimum cutoff energy scale is Λmim ∼ Tc, but it will
increase with additional relaxation processes, thermal or dy-
namical origins, such as Λmim ∼ (piTc+Γimp+Γinela), where
Γimp is static impurity scattering rate, and Γinelas is inelastic
scattering rate that can be provided by spin fluctuations as
Γinelas = ImΣs f (T ).
We now consider the impurity pair-breaking effect on Tc
of both pairing states and in this paper we considered non-
magnetic impurities only. First, we have to investigate the
impurity effect on the RG scaling itself. The answer is that
the non-magnetic impurities has no effect on the RG scal-
7ing because the Cooperon propagators (pair susceptibilities)
χh,e(Λs f ;Λ) defined in Eq.(10) are invariant with the non-
magnetic impurity scattering. The fundamental reason for this
invariance has the same origin as the Anderson’s theorem[38]:
the s-wave pairing is not affected by the non-magnetic impu-
rity scattering. This is easy to understand by noting that the
Cooperon propagators χh,e(Λs f ;Λ) entering the RG equation
are nothing but the s-wave pair susceptibility. Diagrammatic
derivation of this proof following the formalism of Abrikosov
and Gor’kov[39] is given in Appendix A. Therefore, the renor-
malized pair potentials Vˆ (Λ) are the same with and without
the non-magnetic impurities.
Then given the same pairing potentials Vˆ (Λ), the non-
magnetic impurity scattering would not change Tc of the s-
wave pairing according to Anderson’s theorem[38], so that
the Tc of the s++ee -state in Fig.7 will not be affected with non-
magnetic impurities. On the other hand, it is well known that
non-magnetic impurities will suppress the Tc of the ”standard”
s±he-state almost as strong as in the d-wave[40]. We might
expect that the Tc suppression with non-magnetic impurities
on the ”incipient” s±he-state will be weakened compared to the
case of the standard s±he-state because the incipient band, be-
ing sunken below Fermi level, should be less effective for any
scattering process. However, we have found that this weak-
ening effect due to the incipiency is only marginal and the
non-magnetic impurity Tc-suppression rate of the ”incipient”
s±he-state is almost as strong as the case of the ”standard” s
±
he-
state. The physical reason is because the relative size of OPs,
∆h and ∆e are not affected by the incipient distance energy εb
as far as the pairing interactions is dominated by the interband
potentials as Vhe,eh > Vhh,ee[16, 17]. The detailed formalism
of the impurity effect on the incipient s±he-state is described in
Appendix B.
In Fig.7, we plotted the results of Tc suppression of the in-
cipient s±he-state with the different impurity pair-breaking rate
Γ/Λs f = 0.1,0.2,0.3,0.4, and 0.5, respectively. In this pa-
per, we used the equal strength unitary scatterers (c= 0) both
for inter- and intra-band impurity scatterings as V imphe,eh =V
imp
hh,ee
(see Appendix A). As expected, the Tc suppression rate is
strong and comparable to the case of a standard s±he-state. The
key messages of Fig.7 is:
(1) The Tcs of two degenerate pairing solutions, the incipient
s±he-state and the s
++
ee -state, of the incipient two band model
tract each other in clean limit.
(2) When non-magnetic impurities exist, this degeneracy
breaks down and the incipient s±he-pairing state quickly be-
comes suppressed with impurities, while the s++ee -state is ro-
bust against the non-magnetic impurity pair-breaking.
(3) Most interestingly, however, the s++ee -state cannot be sta-
bilized when the incipient hole band approaches too close to
Fermi level such as εb < (piTc+Γimp+Γinela). This implies
that there exists an optimal incipient energy distance εoptimalb
for the s++ee -pairing state.
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FIG. 8: (Color online) Schematic pictures of possible pairing solu-
tions of the three band model. (a), (b) Solutions without RG scaling
but with original pairing cutoff Λs f . (c), (d) Solutions with the renor-
malized pairing cutoff Λphys = εb. Through the RG flow, (a) flows to
(c) with the same T (1)c , and (b) flows to (d) with another same T
(2)
c ,
respectively, but crossings are not possible.
C. Incipient three band model
Now we consider more realistic three band model: one in-
cipient hole band (h), plus two electron bands (e1,e2) (see
Fig.8). In particular, we can study the effect of the inter-
electron band interaction Ve1,e2 which might have a non-
negligible strength when the magnetic correlation has a de-
viation from the standard C-type (Q = (pi,0),(0,pi)) toward
G-type (Q = (pi,pi)) [35–37]. If the G-type magnetic corre-
lation is dominant, i.e., when Ve1,e2 > Vhe1,Vhe2, the leading
pairing solution should always be the one in which ∆e1 and ∆e2
have the opposite signs but the same sizes (Fig.2(c), Fig.8(b),
Fig.8(d)) [19, 23–25]. This gap solution is also called as
”nodeless d-wave” or ”dx2−y2”, etc. in the literature, but in this
paper we denote it as ”s+−e1e2” to be contrasted to ”s
++
e1e2-state”.
In real FeSe systems, it is most likely that the C-type correla-
tion is dominant, but mixed with some fraction of the G-type
correlation[34–37]. Therefore, in the three band model stud-
ied in this paper, we assumedVe1e2 <Vhe(=Vhe1 =Vhe2) along
with the assumption of all repulsive (Vab > 0) inter- and intra-
band pair potentials. In this case, we found that there is an
interesting transition from the s+−e1e2-state to the s
++
e1e2-state as
the incipient energy εb varies.
In Fig.8, we have sketched the typical band structure of the
three band model with its possible pairing solutions. As in
two band model, we assumed Λs f > εb. In Fig.8(a) and (b),
without RG scaling, two possible pairing solutions, s−++he1e2 and
s0+−he1e2, are illustrated. The s
−++
he1e2-state is the same state as the
incipient s−+he -state of the two band model in the previous sec-
tion. The s0+−he1e2-state in Fig.8(b) is subtle. First, we found
that this pairing state with OPs ∆+e1 and ∆
−
e2, with opposite
signs each other on the electron bands e1 and e2, is possible
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FIG. 9: (Color online) Numerical results of the RG scaling of a typi-
cal incipient three band model of Fig.(8). (a) Renormalized pair po-
tentials NabVˆab(Λ) vsΛ= εb (Nab=
√
NaNb) of the three band model
with bare pairing potentials:
√
NhNeV 0he = 1.0,
√
Ne1Ne2V 0e1e2 =
0.6, NhV 0hh = 0.25 and NeV
0
ee = 0.25. When the renormalized
Ne1e2Ve1e2(Λ) (red pentagons) becomes attractive (εb/Λs f < 0.48;
denoted by black arrow), the maximum Tc solution changes from
s+−e1e2 (open pentagons) to s
++
e1e2 (solid pentagons). (b) Calculated Tcs
vs εb of the pairing solutions illustrated in Fig.8.
even with Ve1,e2 <Vhe1,Vhe2, as will be shown with numerical
calculations. Second, having the OPs ∆+e1 and ∆
−
e2 with oppo-
site signs, the OP on incipient hole band ∆h can be anything:
positive, negative, or zero, without altering the pairing energy
with the pair potentials Vhe1 and Vhe2. But when considering
Vhh > 0, ∆h = 0 is the best solution. However, this state is still
not exactly the same state as the s+−e1e2-state in Fig.8(d) because
they have different physical pairing cutoffs, Λphys = Λs f and
Λphys = εb, respectively. In Fig.8(c) and (d), two obviously
possible solutions, s++e1e2 and s
+−
e1e2, with electron bands only
are illustrated. As indicated by the vertical red arrows, the RG
flows are: (a) to (c), and (b) to (d), but crossing flow between
them are not possible. Therefore the Tcs of (a) and (c) are
equal and the Tcs of (b) and (d) are equal, respectively.
Figure9 shows the numerical results of a representative
case of the three band model with the dimensionless bare
pairing potentials NabV 0ab =
√
NaNbV 0ab:
√
NhNeV 0he = 1.0,√
Ne1Ne2V 0e1e2 = 0.6, NhV
0
hh = 0.25 and NeV
0
ee = 0.25, where
we assumed Ne1 = Ne2, V 0ee =V
0
e1e1 =V
0
e2e2, and V
0
he =V
0
he1 =
V 0he2. In Fig.9(a), the renormalized potentials NabVab(Λ = εb)
are plotted as functions of εb. These potentials are used to cal-
culate Tcs of the s++e1e2 and s
+−
e1e2 states illustrated in Fig.8(c) and
(d) with the physical cutoff Λphys = εb. The results of Tc ver-
sus εb are plotted in Fig.9(b): s++e1e2 (solid red pentagons) and
s+−e1e2 (open red pentagons), respectively. when the incipient
hole band is deep (for large εb), s+−e1e2-state (nodeless d-wave)
has the highest Tc, and as the incipient hole band becomes
shallow (for smaller εb), s++e1e2-state becomes winning. This
transition happens when the renormalized inter-electron band
potential Ve1e2(εb) turns into negative as indicated by black
arrow in Fig.9(a).
Interestingly, Fig.9(b) shows that the Tc of the s+−e1e2-state
(nodeless d-wave; open red pentagons) doesn’t change as εb
varies. This behavior can be understood, however, if we re-
member that the Tc of Fig.8(b) and the Tc of Fig.8(d) should
be the same due to the RG invariance. In the pairing state
of Fig.8(b), i.e. s0+−he1e2-state, we argued ∆h = 0. Then it is
easy to note that with the given bare values of NabV 0ab and Λs f ,
varying εb has no effect on the gap equation and Tc. On the
other hand, in the cases of s−++he1e2 (Fig.8(a)) and s
++
e1e2 (Fig.8(c))
– they have the same Tc in clean limit – varying εb should
strongly affect Tc because ∆h 6= 0 in the s−++he1e2-state. Fig.9(b)
shows this behavior of Tc versus εb for the s−++he1e2 (black stars)
and s++e1e2 (solid red pentagons) states. As in the case of two
band model, the Tcs of the incipient s−++he1e2-state with the fixed
pairing cutoff energy Λphys = Λs f continuously increases as
εb → 0. However, the Tcs of the s++e1e2-state with the pairing
cutoff energy Λphys = εb becomes ill-defined when εb < Tc.
D. Impurity effect on three band model
Now we would like to consider the non-magnetic impurity
effect on the Tc of s−++he1e2-, s
++
e1e2-, and s
+−
e1e2-states. As we have
argued in the two band model, the Tc of the s++e1e2-state is im-
mune to the non-magnetic impurity scattering. The impurity
effect on the s+−e1e2-state (nodeless d-wave) is mathematically
equivalent to the case of the d-wave state, hence we expect the
strongest Tc suppression. Finally, the impurity effect on the
incipient s−++he1e2-state is the same to the case of the incipient
s−+he -state in two band model. The impurity theory for the two
band model can be straight forwardly used for the three band
model with a replacement of Ne = Ne1 +Ne2 (see Appendix
A).
Figure10(a) is the same plot as Fig.9(b) – Tc versus εb
for three pairing states: s−++he1e2, s
++
e1e2, and s
+−
e1e2 – with the
same parameters as in Fig.9 except for varying values of
Ne1e2V 0e1e2 = 0.5,0.6,0.7, and 0.8, respectively. It is busy plot
but easy to understand the general trend. First, the Tc of the
s+−e1e2-state (nodeless d-wave; open symbols) increases with
increasing Ne1e2V 0e1e2. On the contrary, the Tcs of the s
−++
he1e2
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FIG. 10: (Color online) (a) Calculated Tcs vs εb of the pairing solu-
tions illustrated in Fig.8. for different bare inter-electronband poten-
tial
√
Ne1Ne2V 0e1e2 = 0.5,0.6,0.7, and 0.8, respectively. Other bare
pairing potentials are
√
NhNeV 0he = 1.0, NhV
0
hh = 0.25 and NeV
0
ee =
0.25 (b) The same calculations as (a) but with non-magnetic impu-
rity scattering rate Γ/Λs f = 0.3.
(black stars) and s++e1e2-state (solid symbols) decreases with in-
creasing Ne1e2V 0e1e2, as expected. Secondly, as already shown
in Fig.9(b), there are crossovers of the higher Tc pairing state
as εb decreases from the s+−e1e2-state (nodeless d-wave; open
symbols) to the s++e1e2-state (solid symbols) for each value of
V 0e1e2. Finally, the Tcs of the s
++
e1e2-state is ill-defined when
εb < Tc.
Figure10(b) shows the same calculations of Figure10(a)
but including non-magnetic impurity scattering. We assumed
unitary limit scatterers (c=0; see Appendix A) for all inter-
and intra-band scatterings and the impurity scattering rate
Γ= 0.3Λs f . This is quite a large scattering rate and this value
was chosen to kill all Tc of the s+−e1e2-state (nodeless d-wave)
just for illustration. While the Tcs of the s++e1e2-state remain
the same as in Fig.10(a), the Tcs of the incipient s−++he1e2-state
are strongly suppressed. As a result, the incipient s−++he1e2-state
(open symbols) survives only in the region of the left corner
of small values of εb in Fig.10(b). The results of Fig.10(b) im-
ply the following simple picture. If we can change the depth
of the incipient hole band, εb, by electron doping, pressure,
or dosing [26–30] in a typical FeSe system, the shallow in-
cipient hole band system (small εb) can support the incipi-
ent s−++he1e2-state with low Tc, while the s
++
e1e2-state can appear
with much higher Tc with increasing εb to the optimal value
εoptimalb . Further increasing impurity scattering rate, all incipi-
ent s−++he1e2-state disappears and only the s
++
e1e2-state will survive
with high Tc in the region of εoptimalb . Incidently, these results
of Fig.10(b) looks very similar to the recent experimental ob-
servations of the phase diagram of electron doped FeSe sys-
tems, which shows the curious double dome and single dome
structure of the Tc versus electron doping phase diagram[26–
28].
IV. SUMMARY AND CONCLUSIONS
We believe that the FeSe/STO monolayer system is an ex-
ception among all HEDIS system, in that it has an extra
phonon boost effect to achieve the exceptionally high Tc up
to ∼100K[3]. In this paper, we focused on the common elec-
tronic pairing mechanism with the electron pockets only, the
characteristics shared by all HEDIS systems including the
FeSe/STO monolayer system. We studied the pairing mech-
anism of the phenomenological incipient band models: one
incipient hole band (h) plus one electron band (e) or two elec-
tron bands (e1,e2) with the pairing interactionsV 0ab > 0 – pos-
sibly provided by the AFM spin-fluctuations – with the origi-
nal pairing cutoff energy Λs f (> εb).
We introduced the concept of dynamical tuning of phys-
ical cutoff by RG. Using this concept and direct numerical
calculations, we found that the incipient band model allows
two degenerate SC solutions with the exactly same Tc in clean
limit: the s±he-gap (∆
−
h 6= 0, ∆+e 6= 0) and s++ee -gap (∆h = 0,
∆+e 6= 0) solutions with different pairing cutoffs, Λphys = Λs f
and Λphys = εb, respectively. The s++ee -gap solution, with
Λphys = εb, actively eliminates the incipient hole band from
forming Cooper pairs, and becomes immune to the impu-
rity pair-breaking. As a result, the HEDIS systems, by dy-
namically tuning the pairing cutoff and by selecting the s++ee -
pairing state, can always achieve the maximum Tc – the Tc of
the degenerate s±he solution in the ideal clean limit – latent in
the original pairing interactions, even in dirty limit. We also
found that there exist an optimal incipient energy εoptimalb of
the hole band, below this value the s++ee -pairing state cannot
be stabilized. We estimated εoptimalb ≈ (piTc+Γimp+Γinelas).
With more realistic three band model with one incipient
hole band (h) and two electron bands (e1,e2), we also con-
sidered additional pairing state: s+−e1e2, also called as ”nodeless
d-wave” state. We showed in general that the s+−e1e2-state is
favored when the incipient hole band is deep (large εb) but
the s++e1e2-state becomes favored when the incipient hole band
becomes intermediate to shallow depth (εb∼ εoptimalb ). Includ-
ing non-magnetic impurity scattering, the s+−e1e2-state (nodeless
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d-wave) becomes most rapidly destroyed and the ”incipient”
s−++he1e2-state might barely survive with very low Tc in the re-
gion of small values of εb. However, the s++e1e2-state, being
immune to the non-magnetic impurity pair-breaking, can ex-
ist with much higher Tc in the region of optimal values of
εoptimalb . This double-dome structure of the phase diagram
shown in Fig.10(b) and the general trend of the transition of
the pairing states: ”incipient” s−++he1e2-state → s++e1e2-state, with
electron doping, accompanied with increasing Tc, looks very
much similar to the recent experiments of electron doped FeSe
systems[26–30].
In conclusion, we showed: (1) The standard paradigm of
the IBS superconductivity[32, 33] – the s±he-pairing mediated
by a dominant interband repulsion between the hole band(s)
around Γ and the electron band(s) around M – continues to
operate in the HEDIS systems. (2) The new ingredient of
the pairing mechanism in the HEDIS systems is the dynam-
ical tuning of the pairing cutoff Λphys from Λs f to εb by RG
scaling, which allows the s++e1e2-pairing state as the ground
state of the HEDIS systems. By this, the HEDIS systems
can avoid the impurity pair-breaking effect. But the draw-
back is that the hole band has to sink below Fermi level by
εb, which has to reduce Tc. In view of this picture and rel-
atively high Tc ∼ 30K− 40K of the HEDIS, all pnictide and
chalcogenide IBS seem to suffer severe Tc-suppression due to
intrinsic impurities, inevitably introduced with dopings; other-
wise, the IBS systems in general could have had much higher
Tc. (3) The FeSe/STO monolayer system is special among
other HEDIS systems, which has the additional phonon boost
effect[9–15] on top of the above mentioned common pairing
mechanism of the HEDIS systems.
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Appendix A: RG scaling with non-magnetic impurities
Here we prove that the RG scaling in general is not affected
by the non-magnetic impurity scattering. The effect of impu-
rity scattering enters the Cooperon propagators at Tc defined
in Eq.(10) in the main text as follows.
χ˜e(Λs f ;Λ) = −Tc∑
n
2Ne
∫ Λs f
Λ
dξ
ηv
ω˜2n+ξ2
, (A.1)
χ˜h(Λs f ;Λ) = −Tc∑
n
Nh
∫ −Λ
−Λs f
dξ
ηv
ω˜2n+ξ2
. (A.2)
where ω˜n = ωn + Σimp(ωn) is the renormalized Matsubara
frequency by the non-magnetic impurity scattering, which
can be explicitly calculated as ω˜n = ωnη1 with η1 = 1 +
1/2τ1|ωn|[39]. The process of Σimp(ωn) is depicted in
Fig.A.1(b). And ηv is the corresponding vertex correction
as depicted in Fig.A.1(a). Abrikosov and Gor’kov[39] has
shown that ηv = η1 exactly in the case of the non-magnetic
impurity scattering and that the above formulas of the renor-
malized Cooperon propagators χ˜e,h(T ) become the same as
the bare Cooperon propagators χe,h(T ). Therefore the RG
+
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FIG. A.1: (Color online) (a) A bare Cooperon propagator χ(T ) (left-
hand side) is modified to be the renormalized one χ˜(T ) (righthand
side) by multiple impurity scatterings. (b) The renormalized fermion
propagator G˜ (double line) by multiple impurity scatterings. All red
crosses mean the non-magnetic impurity potential of the same single
impurity site.
scaling of the renormalized potentials Vˆ (Λ) in Eq.(8) in the
main text is not affected by the non-magnetic impurity scat-
tering. Q.E.D.
Appendix B: Impurity Formalism of Tc-suppression
1. The two band incipient s−+he -state
The impurity effect enters the pair susceptibilities χ˜(T )h,e
for T < Tc in the gap equations Eq.(5) in the main text as
follows,
χ˜h(T ) = −T∑
n
Nh
∫ −εb
−Λs f
dξ
∆˜h(k)
ω˜2n+ξ2+ ∆˜2h(k)
, (B.1)
χ˜e(T ) = −T∑
n
Ne
∫ Λs f
−Λs f
dξ
∆˜e(k)
ω˜2n+ξ2+ ∆˜2e(k)
, (B.2)
where ω˜n and ∆˜h,e contain all selfenergy corrections due to the
impurity scattering. Notice the difference of the quasiparticle
energy integration domains,
∫ −εb
−Λs f and
∫ Λs f
−Λs f , between the hole
and electron band, respectively. For a standard s−+he -state with
ordinary hole- and electron-band, where both bands has the
integration domains of
∫ Λs f
−Λs f , ω˜n and ∆˜h,e can be calculated
using the T -matrix method as[40]
ω˜n = ωn+Σ0h(ωn)+Σ
0
e(ωn), (B.3)
∆˜h,e = ∆h,e+Σ1h(ωn)+Σ
1
e(ωn), (B.4)
Σ0,1h,e(ωn) = Γ ·T 0,1h,e (ωn), Γ=
nimp
piNtot
, (B.5)
where ωn = Tpi(2n+ 1) is the Matsubara frequency, nimp the
impurity concentration, and Ntot = Nh+Ne is the total DOS.
The T -matrices T 0,1 are the Pauli matrices τ0,1 components
in the Nambu space, and are written for two band supercon-
ductivity as
11
T ia (ωn) =
Gia(ωn)
D
(i= 0,1; a= h,e), (B.6)
D = c2+[G0h+G
0
e ]
2+[G1h+G
1
e ]
2, (B.7)
G0a(ωn) =
Na
Ntot
ω˜n√
ω˜2n+ ∆˜2a(k)
, (B.8)
G1a(ωn) =
Na
Ntot
∆˜a√
ω˜2n+ ∆˜2a(k)
, (B.9)
where c = cotδ0 = 1/[piNtotVimp] is a convenient measure of
scattering strength and we assumed the equal strength for both
inter- and intra-band impurity scatterings. c = 0 means the
unitary limit (Vimp→∞) and c> 1 is the Born limit (Vimp <<
1) scattering.
Now we need a modification of the above formulas for the
incipient hole band model. For Tc-equation (∆h,e → 0 limit),
all differences come from the restricted integration of the in-
cipient hole band below Fermi level as
Nh
∫ −εb
−Λs f
dξ
1
ω2n+ξ2
≈ Nh 1|ωn| tan
−1 (
Λs f
εb
), (B.10)
compared to the standard two band case with the ordinary hole
band,
Nh
∫ Λs f
−Λs f
dξ
1
ω2n+ξ2
≈ Nh pi|ωn| . (B.11)
Therefore, by replacing Nh by N
e f f
h =Nh tan
−1 (Λs fεb )/pi, all the
above formulas for the standard two band model can be con-
tinuously used without further changes. We only need to rede-
fine: Ntot = (N
e f f
h +Ne), and N˜h = N
e f f
h /Ntot , N˜e = Ne/Ntot ,
and the strength of the impurity scattering rate Γ = nimppiNtot
should be understood with newly defined Ntot = (N
e f f
h +Ne).
Being Ne f fh < Nh, it succinctly captures all the effects arising
from the sunken hole band by εb.
To determine Tc, we take T → Tc limit and linearize the
gap equations (5) in the main text with respect to the OPs
∆h,e. First, the impurity renormalized Matsubara frequency
Eq.(B.3) and the OPs Eq.(B.4) are written as
ω˜n = ωn(1+ηω), (B.12)
∆˜h,e = ∆h,e(1+δh,e), (B.13)
with
ηω =
Γ
1+ c2
1
|ωn| , (B.14)
δh,e =
Γ
1+ c2
1
|ωn|
[N˜h∆h+ N˜e∆e]
∆h,e
. (B.15)
And the pair susceptibilities Eq.(B.1) and Eq.(B.2) are now
simplified as
χ˜h,e(T ) =−piTNtot N˜h,e∑
n
∆h,e(k)(1+δh,e)
|ωn(1+ηω)| . (B.16)
It is immediately clear that if ηω = δa, as in a single band
s-wave state, there is no renormalization of the pair suscep-
tibility χ˜a(k) with the impurity scattering. This is just the
Anderson theorem of Tc-invariance of the s-wave SC. For a
d-wave case, obviously δa = 0 and ηω 6= 0, hence results in
the maximum Tc-suppression. In the case of a standard s+−he -
wave, it was shown that |δa| ≈ 0 because of the inverse rela-
tion of NhNe ≈
|∆e|
|∆h| and Eq.(B.15), in the limit of the dominant
interband pairing (Vhe,eh >>Vhh,ee)[40].
In our incipient two band case, it is more complicated to
draw a simple conclusion. However, as we have shown above,
after replacing Nh→ Ne f fh , all the formulas are the same as in
the case of the standard s+−he -wave state. The remaining ques-
tion is whether the inverse relation N
e f f
h
Ne
≈ |∆e||∆h| is still hold
or not, and we found that this relation is still hold in the in-
cipient s+−he -state with numerical calculations[16, 17]. With
the susceptibilities Eq.(B.16) together with the gap equations
(5) in the main text in the limit ∆a → 0, we have calculated
Tc in Fig.7 with non-magnetic impurity scattering. For con-
venience of parametrization, we used the impurity scatter-
ing rate parameter Γ = nimp/(piNtot) with Ntot = (Nh+Ne) in
Fig.7 instead of using the physically more relevant parameter
Γ= nimp/(piNtot) with Ntot = (N
e f f
h +Ne), which is a compli-
cate function of εb.
2. The three band incipient s−++he1e2-state
Noticing that Ne1 = Ne2 and ∆e1 = ∆e2 (see Fig.2(a)), the
above formulas for the two band incipient s−+he -case can be
used only with the replacement of Ne= 2Ne1,e2. And the result
of Tc-suppression is qualitatively the same as the incipient two
band s+−he -state.
3. The three band s−+e1e2-state
Noticing that this is a d-wave (nodeless) state (see Fig.2(c)),
it is always δa=e1,e2 = 0, hence results in the maximum Tc-
suppression as in a standard d-wave case.
4. The three band s++e1e2-state
Finally, the most focused pairing state of this paper, the
three band s++e1e2-state, having ∆e1 = ∆e2 with the same sign
and ∆h = 0, this state is the same as the single band s-wave
state, hence should satisfy the Anderson’s theorem[38] of the
Tc-invariance with the time-reversal invariant disorders such
as the non-magnetic impurities.
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